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Abstract. We study a fully nonlinear equation of complex Monge- Ampere type 
on Hermitian manifolds. We establish the a priori estimates for solutions of the 
equation up to the second order derivatives with the help of a subsolution. 



1. Introduction 

Let (M n ,u) be a compact Hermitian manifold of dimension greater than 1, with 
smooth boundary dM (which may be empty), and x a smooth real (1,1) form on M. 
Define 

Xu = X + ^j^ddu and [ X ] = {xu ■ u E C 2 (M)}. 

In this paper we are concerned with the equation 

(1-1) X" = «~ 1 A X u>0 onM. 

When M is closed, both u, x are Kahler and i/j is constant, equation (11. ip was 
introduced by Donaldson [5] in the setting of moment maps. Donaldson observed 
that in this case the solution of equation (II. ip is unique (up to a constant) if exists, 
and that a necessary condition for the existence of solution is [n X — > 0. He 
remarked that a natural conjecture would be that this is also a sufficient condition. 
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Donaldson's problem was studied by Chen [5J, Weinkove [15] . [H], Song and 
Weinkove [TU] using parabolic methods as limit of the J-flow introduced by Don- 
aldson [5] and Chen [2]. In [10] Song and Weinkove gave a necessary and sufficient 
condition for convergence of the J-flow. Later on Fang, Lai and Ma [6] extended their 
approach and solved the equation 

(1.2) x: = «rA W a , X u>0 onM. 
for all 1 < a < n. 

A key ingredient in solving elliptic or parabolic fully nonlinear equations is to derive 
a priori estimates up to the second order derivatives. For the complex Monge- Ampere 
equation on closed Kahler manifolds, these estimates were established by Yau [15] and 
Aubin pp. Their results and techniques had far-reaching influences in both geometry 
and to the theory of nonlinear PDEs on manifolds. In 1987, Cherrier [4] studied 
the complex Monge-Ampere equation on Hermitian manifolds. He established the 
estimates for second order derivatives in the general case, and extended Yau's zeroth 
order estimate under an additional assumption on the Hermitian metric. Recently, 
Tosatti and Weinkove [12] were able to carry out Yau's estimate on general closed 
Hermitian mannifolds. 

There has been increasing interest to study fully nonlinear elliptic and parabolic 
equations other than the complex Monge-Ampere equation on Kahler or Hermitian 
manifolds, both from geometric problems such as Donaldson's problem mentioned 
above, and from the PDE point of view. In this paper our main interest is to seek 
general technical methods in establishing a priori estimates. We shall confine our- 
selves to a = 1 in (11.21) but our method works for more general equations and in 
particular for all a < n. We shall treat the other cases in separate papers. 

Our first result for equation (II .ip is the following 

Theorem 1.1. Let u G C 4 (M) a solution of equation (11.11) and set Cq = sup M n — 
infjv/M. Assume that there exists a function u G C 2 (M) satisfying 

(1.3) xl Aw, X u>0 onM. 

Then there are constants C 1; C 2 , depending on C , \u\c 2 (m), the positive lower bound 
°f Xu, and inf m ip > as well as other known data, such that 

(1.4) maxlVd < Ci(l + max|Vw|), I Ad < C 2 ((l + max I Awl) onM. 

M dM dM 

We remark that both C\ and C 2 in Theorem II . II depend on Co, but the estimate for 
Au is independent of the gradient bound, (i.e. C 2 is independent of C\.) Apparently, 
assumption (11.31) is a trivial necessary condition for the solvability of equation (11.11) . 
Following the literature we shall call the function u a subsolution of equation (11. ip . 
It seems worthwhile to remark that the subsolution u plays key roles in our proof of 
both estimates in (jl.4P ; see Sections [3H for details. This appears to us a rather new 
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phenomena, and we are not clear how to derive these estimates without using u. We 
also remark that the gradient estimate seems new even in the Kahler case. 

Theorem 11.11 still holds under the following assumption which is slightly weaker 
than (Ob 



(1.5) {n X u -(n- l)V>w) A xl~ 2 > 0, Xu > on M. 

When M is Kahler and ip is a constant, this condition was first given by Song and 
Weinkeve [10] and proved to be necessary and sufficient for the solvability (11 .ip on 
closed Kahler manifolds. 

The estimates in Theorem 11.11 enable us to treat the Dirichlet problem for equa- 
tion (11.11) on Hermitian manifolds with boundary. More precisely we can prove the 
following existence result under the assumption of existence of a subsolution. 

Theorem 1.2. Let (M n ,u) be a compact Hermitian manifold with smooth boundary 
dM, if; G C°°(M), 4> > 0, where M = M U dM and ip G C°°(dM). Suppose there 
exists a subsolution u G C 2 (M) satisfying 



;i.6) 



xl ^C'Aw, X u>0 onM 
u = ip on dM. 



Then equation (II. ip admits a unique solution u G C°°(M) with u = ip on dM. 

In order to prove Theorem 11.21 we need to establish a priori boundary estimates. 
The gradient estimate on the boundary follows immediately from a barrier argument. 
The proof for the second order boundary estimates is similar to the Monge- Ampere 
equation case in J7] and will be omitted here. We shall come back to the issue for 
more general equations including (11.21) in our forthcoming papers where we shall also 
discuss the existence questions for the closed manifold case. In this paper we will 
just present the global a priori estimates up to the second order derivatives of the 
solutions to equation (11.11) . 

The rest of this paper is organized as follows. In section [2] we fix some notations 
and introduce some fundamental formulas in Hermitian geometry, which will be used 
throughout the paper. We also establish a crucial lemma in this section that will be 
applied to deriving the estimates in the following sections. Section [3] and Section H] 
will be devoted to establishing the global gradient estimates and the estimates for the 
second order derivatives respectively. In both sections we make the important use of 
the existence of a subsolution. 

We dedicate this article with sincere respect and admiration to Professor Avner 
Friedman on the occasion of his 80th birthday. We wish to thank Wei Sun for pointing 
out several mistakes in previous versions. Part of this work was done while the first 
author was in Xiamen University in summer 2011. 
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We shall follow the notations in [7] where the reader can also find a brief intro- 
duction to the background materials for Hermitian manifolds. In particular, g and V 
will denote the Riemannian metric and Chern connection of (M,u). The torsion and 
curvature tensors of V are defined by 

T(u,v) = V u v - V v u - [u,v], 

(2.1) 

R(u,v)w =V u V v w -V v V u w -V [U)V] w, 
respectively. In local coordinates z — (zi, . . . , z n ), 



(2.2) 



R 



9fj 


/ d d 

^ V dzi ' dzj 


), i9 q } = 


{9ij} \ 




rpk 

ij 


-pfc -pk 

~~ ij ji ~ 


9 kl ( d9 J- 

\ dzi 


dgn\ 
d Zj ) ' 




ijkl 


dT? k 

9ml o— 
dZj 


d 2 9ki 
dzidzj 


+ gP g 9 9kg 
dzi 


dg p i 

dZj 



Let v G C 4 (M). For convenience we write in local coordinates 



ijk 



Recall v. 



didjV and vq k = d^vq — T ki vq. It follows that 



(2.3) 

We calculate 
(2.4) 




VkVfj, etc. 

:t 

TL v iji 



J ijkl 



Km]) 



diVf jk - 
di(d k Vij 

didkVfj - diT p ki v P j 
dk&ivfj + g pg RkiiqVp-j 



^IjViqk 



-r 



ki\ V pjl + ^tjVpq) - ^IjViqk 



1 ki u pjl 



FfjViqk 



r p r q v - 

1 ki L ij u pcn 



J ijlk 



J jilk 



didkVfj - T^T^Vqp - T^Vipk - Y q ki v ]q i + g qp R k r jq v ip . 



Therefore, 



(2.5) 



^ijkl ^ijlk 



9 R-kliqVpj 9 Rplkj^iq, 



J ijkl 



v kuj — g pq {Rkuq v pj ~~ R 



Hjkq^pl) + T P k V pjl + TjjViqk 



1 ik 1 ji u pg- 



The second identity in ( 12. 5ft follows from ( I2.4p . ( 12. 3 ft and 



rP r q — r p r q _i_ t v r q _i_ r p T q — T p T q 

1 ki L Ij 1 ik L jl 1 ik L jl 1 ik 1 jl — 1 ik 1 - l 
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It can also be derived as follows. 

v ijkl ~ v klij = ( v ijkl ~ v kjil) + ( v kjil ~ v kjli) 

+ ( v kjli ~ v klji) + ( v klji ~ v klij) 

— Vi(T[ k v P j) + g pq RukqV P j — g pq Rii p ]Vkq 

+ Vi(rj,v fcg ) - g pq Ri]kqV p T + g pq Rf jp iv kq 
1 2 ' <}) = ViT p k v p j + T p k v p]I + g pq R i T kq Vp- j - g pq R i i p - j v kq 

+ ViT^Vkg + T^v^ - g pq Ri]kqVpi + g pq Rf jp iVkq 

— g P9 (Rkliq V p] ~ RfjkqVpl) + T P k V p ji + T^Vkqi 

— g P9 (Rkliq V pj ~ RijkqVpl) + T P k V p ji + T^Vigk — T P k T q h Vpq. 

Let u G C 4 (M) be a solution of equation (II. ip . As in [7J, we denote Qfj = Xfj + u ip 
{0 Jjf } — {Qi]} 1 an d let W = trx + A-u. Assume that gq = 5^ and is diagonal at 
a fixed point p G M. Then 

(2.7) U{i kk — u kk {i = R kk ipUpj — Rfikp u pk + ^^Hc-fT^tijjfc} — T p k T q k u P q, 
and therefore, 

(^•S) fliifcfc ~~ flfcfcn — RkkiiQii ~ RiikkQkk + 29fo{ T^0jj fc } — |Tf fe | 2 g^ — Gjifcfc 

where 

(2.9) Giikk = Xkkil Xiikk RkkipXpi RiikpXpk ~f~ '^•^^{^ikXijk} ^ik^ikXpq- 

In local coordinates, equation (II -ip can be written in the form 

n 

( 2 -!0) = ^ 

Differentiating this equation twice gives at p 

(2-11) F U {uu k Uk + UkUiik) = 2^Re{f k u k - F^x^u-^. 

(2.12) F% Ukk - (F^tfi + F*^)Q i3km = f kk 

where F u = {g fi f and / = -ml)- 1 . Note that < (Efl^) 2 < C; we shall use 

this fact without further reference. By (12. 8ft and (12.121) we have 

(2.13) F^Wu = F% M > 1-'"S U ( O,;/.. - -IU LI 2 + | , Jfc | 2 ) - CW. 

k 

Finally, we note that since u G C 2 (M) and Xu > on M, 

(2.14) < x« < e _1 o; 
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for some e > 0. Consequently, 

(2.15) £«*&«+24fi) 

Let Ai(xu), • • • , Ki(Xy) denote the eigenvalues of {Xi]+lkj}- Then ( II. 3p is equivalent 

to 

x 1 n 

(2 - 16) ^Afc)^ 
while (I1.5P is equivalent to 

(2.17) -— — - < — for each k — 1, . . . ,n. 

It is clear that at a point where gq = Sij in local coordinates, 

\ -v 1 x — ■> 1 n 

We conclude this section with the following inequality which will play a crucial role 
in both the gradient and second order estimates in the sections below. 

Lemma 2.1. There exist 9 > and N > n depending on e such that ifW>N then 

n + 9 



(2-19) F y ( X ii + 2te)> 



Proof. We may assume gq = and {Qq} is diagonal. Suppose that flu > • • • > g n n- 
By Schwarz inequality, (ETL0]) . (|2TT8|) and (12~14|) we have 

Eto iI ) 2 (x, J +« s )>(E8 ii )7^FTir 

w i\\ 2 I fn 1 



> --0 



^ / / \^ Xii + Mil 
(2.20) >Mf£fi ^ 



> 



rz/0 V n(xn+«ii) 



> 



nip \ 
n + # 



provided jjn is sufficiently large. □ 

Remark 1. One can replace assumption (11.31) by (11. 5p in Lemma [2.11 This is clear 
from the proof. 
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Let u G C 4 (M) be a solution of equation (11. ip . The primary goal of this section is 
to establish the a priori gradient estimates. 

Proposition 1. There exists a uniform constant C > such that 
(3.1) maxlVul < C(l + max|Vd). 

Proof. Let (p — Ae n where r\ — u — u and A is a positive constant to be determined 
later. Suppose the function e^|Vu| 2 attains its maximum at an interior point p e M. 
We choose local coordinate around p such that g,q = Sij and Qfj is diagonal at p where, 
unless otherwise indicated, the computations below are evaluated. 
For each i — 1, . . . ,n, we have 

(3-2) ^+* = °. { Vw+*> = ° 

and 

(3.3) i^i_KW +fe£0 . 

|Vitf |V-u| 4 

A straightforward calculation shows that 

(3.4) (\Vu\ 2 )i = u k Uf k + u ki u^ 

(\Vu\ 2 )ii = u ki u ik + u ki u ki + u kfi u- k + u k u iki 

— u k iU k i + Uii k u k + Uf ik u k + Rf ik jUiu k 



(3.5) 



+ £ l«* - W - £ ft 



It follows that 

(3.6) F-(|V M | 2 ) i7 > F% kt u E + £ F*K* - T^rl 2 - C(l + |Vu| 

k 

By (J32H and (El, 

(3.7) |(|Vu| 2 )j| 2 = |MfeMfci| 2 - 2\Vu\ 2 yiz{u k u ik (j)i} - \u k u ik \ 2 . 
Combining (13. 3p . (13 .7p and (I3.6p . we obtain 

(3.8) \Vu\ 2 F S (f){i + 2F"<Rt{u k u ik( jr i \ < C(l + \Vu\ 2 ). 
Now, 

(pi = <jyq u (pa = (piViVi + Vu)- 
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We have 



■ 1 F s <f>a=F S T h rr i + F s r ki 

- fi 

>F n Vim + F^u s + Xii)-^ 



20- 1 F u Kt{u k u i - k( k} =2 Q u Kz{u im } - 2F ii ftz{x i - k u k <k} 
(3.9) i 

> --\Vu\ 2 F% m -C 

and 
(3.10) 

Therefore, by f 13 .81) . 

I - - fi 

(3.11) -F% m + F u {^ + xa) - ^ < C{<t>' 1 + I V^r 2 ). 

We consider two cases separately: (a) W > N for some iV sufficiently large, and 
(b) W < N. 

In case (a) we have 

^W^)-y>-, 

by Lemma 12.11 for some 9 > 0. Therefore from (13.111) we obtain a bound |Vw| < C 
when A is chosen sufficiently large. 

Suppose now that W < N. Then, using equation ( 12.101) . 

F% m + F U { Mi + xu) > I Vrf min f' + eV F U 

7 * * 
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>n\Vrj\ n e n (detfl 
(3.12) . 

— 

> c | V?7| « . 

Plugging this back in (13. lip we derive a bound |Vr/| < C which in turn implies a 
bound iVitl < C. □ 



4. The second order estimates 

In this section we derive second order estimates for solutions of equation ( II. ip . 

Proposition 2. Let u G C 4 (M) be a solution of equation ( II. ip . There exists a 
constant C > depending on e, sup-0 -1 , sup M « — m.i M u, the C 2 norms of x, M. and 
if), and the geometric quantities of M, such that 

max I Awl < C(l + max I Awl). 

M dM 
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Proof. Consider <£> = e^W, where as aforementioned W = trx+ Au and 4> is a function 
to be determined. Suppose <P achieves its maximum at a point p G M. Choose local 
coordinates such that gq = 5ij and is diagonal at p. We have (all calculations 
below are done at p) 



(4.1) 
(4.2) 

By (Q and flO), 

m\ 2 



— 1 + ^ = 0, — + 

w w 



0, 



I ml 2 



w w 2 



+ fal < o. 



(4.3) 



< 



3 

2 + 2 £(<Ke{(fltfi - T tiS,i^}) + \*i 



where 



- 2WV\z{(j) i \ i } -2|Ai| 2 



By Schwarz inequality, 



(4.4) 



It therefore follows from f T4T3|) . f Oj) and fl2TT3|) that 



(4.5) 



> F n W<: 



W 



+ WF fi (j) fi > WF fi u + 2F"«Ke{&Ai} - CW. 



Let = e Ar? where rj = u — u + sup M (u — u) and A is a positive constant. We see 
that <pi = A^rji and (j)^ = A^yq^ + A 2 ^^. By Schwarz inequality, 

(4.6) 2AF fi <Rt{r ]i \ i } > - A 2 F iI \r ]i \ 2 - C. 

By Lemma [2. II we see that 

= AF% I + A 2 F% m 



-ipti 



(4.7) 



AF^ixa + ^a)- — + A 2 F% m 



>°4 + A 2 F% m 
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provided W is sufficiently large. This combined with (14. 6ft and ( 14. 5ft gives 

(OA - Ci>)W < c. 

Choosing A large enough we derive a bound W < C. □ 

By Proposition [2] equation (11.11) is uniformly elliptic for solutions u with \u > 0. 
Therefore one can apply Evans-Krylov Theorem and the Schauder theory to derive 
higher order estimates. 
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